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A new technique is derived for determining the concentration dependence of dif-

fusion coefficients from sorption experiments.

In this analysis the diffusion

equation including the effects of phose volume change ond volume change on mixing
is solved by a weighted residual method to produce approximate analytical expres-
sions which describe the sorption process. It is possible to deduce the concentration
dependence of the diffusion coefficient from a single sorption experiment without
assuming the form of the diffusivity-concentration relationship. A direct evaluation
of the technique is obtained from the analysis of test data generated by finite-
difference solutions of the equations which portray the sorption process.

The measurement of diffusivities of relatively low mo-
lecular weight materials in polymers and polymer melts is
necessary for the analysis of many polymer processing
steps. The sorption and permeation methods are the two
most commonly used techniques for determining the diffi-
sion coefficients for polymer-penetrant systems. In a
permeation experiment, the amount of penetrant diffusing
through a film of polymer is measured as a function of time
under the conditions that the two surfaces of the film are
exposed to two different penetrant vapor pressures. In a
sorption experiment, the amount of penetrant absorbed or
desorbed by a film of solid polymer or a pool of molten
polymer is measured as a function of time. -In the conven-
tional sorption experiment a polymer sample which is in
equilibrium with a specific penetrant vapor pressure is sud-
denly exposed to a different vapor pressure level and the
approach to the new equilibrium state is followed by direct
weighing of the polymer sample. The data from such an
experiment are usually represented by a sorption curve
which is a plot of the fractional approach to the final equi-
librium state as a function of the square root of time. As
pointed out by Crank and Park (7), the sorption method has
several advantages over the permeation method and several
experimental techniques have been developed for accu-
rately measuring the polymer weight as a function of time.

The major problem associated with the sorption tech-
nique is the fact that it is difficult with the available
methods of data analysis to determine the concentration
dependence of the diffusivity. This is a significant dis-
advantage since the diffusion coefficients of many pene-
trants which are of industrial importance, such as mono-
mers, plasticizers, and blowing agents, exhibit a very
strong dependence on the concentration level. A variety of
methods has been proposed for the determination of the
concentration dependence of the diffusion coefficient from
sorption measurements (2 to 8). In all of these methods a
series of sorption experiments at different concentration
levels is required to determine the concentration depen-
dence. Essentially only one piece of information is ex-
tracted from each sorption curve, so that many experiments
may be required to achieve good accuracy. This is es-
pecially true for the methods which require graphical or
numerical differentiation of the results deduced from each
experimental curve. Some of the above methods are further
restricted to a specific functional dependence of the dif-
fusion coefficient on the concentration, and several are
limited to the use of data obtained during the initial stages
of the experiment where the sorption process can be ap-
proximated by considering diffusion in a semi-infinite
medium. Finally, a few of the methods are applicable only
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to reverting sorption experiments (3) which are more time-
consuming than progressing sorption experiments.

It is well known (9, 10) that a qualitative estimate of the
concentration dependence of the diffusivity can be readily
ascertained from an inspection of the shape of a single
sorption curve. However, a method of analyzing one sorp-
tion curve to determine quantitatively the concentration
dependence of the diffusivity has not been developed. The
absence of such a method is no doubt due to the fact that
information concerning the value of the diffusivity at some
specific concentration is masked in the sorption data which
represent the integrals of the concentrations throughout the
complete polymer sample at specific instances in time.
With data from one sorption curve the available techniques
are limited to determining a diffusivity which is some aver-
age over the complete concentration range or to establish-
ing the diffusivity at only the final equilibrium concentra-
tion (11). What is needed for a detailed analysis of a
single sorption curve is a solution of the diffusion equation
for an arbitrary diffusivity-concentration relationship.

Generally, there are two basic problems of interest when
investigating concentration-dependent diffusion phenomena.
The direct problem consists of determining concentration
profiles and quantities of matter transferred for a given
diffusion coefficient-concentration functional relationship
and a given geometry. The inverse problem involves deter-
mining from experimental concentration profiles, sorption
curves, or other types of data the diffusivity-concentration
relationship. The direct problem obviously involves the
solution of the diffusion equation and so does the inverse
problem, except for special cases such as the analysis of
free diffusion experiments. In additien, it is often true that
resolving the inverse problem is simpler than dealing with
the direct problem. It will be seen later that such is the
case for the analysis of sorption data.

The absence of analytical solutions to the nonlinear dif-
fusion equation which describes mass transfer with a
concentration-dependent diffusivity in a sheet precludes
the possibility of obtaining an exact result for the diffu-
sivity-concentration functional relationship from one ex-
perimental eurve. However, in this paper we obtain an
approximate analytical solution to the inverse problem
using a weighted residual method. This method of deter-
mining the diffusion coefficient as a function of concen-
tration from one sorption curve requires no prior knowledge
of the functional form of the concentration dependence. In
addition, the effect of the change of the polymer sample
thickness due to phase volume change and the effect of
volume change on mixing are also incorporated into this
development. In the last section of the paper, the accu~
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racy and limitations of this new technique are determined
by analyzing sorption data generated by finite-difference
solutions of the partial differential equation describing the
sorption process.

FORMULATION OF PROBLEM

Consider a typical sorption experiment where a sample
of solid or molten polymer is subjected to a step change in
pressure of an essentially pure fluid phase of the pene-
trant. The experiment is carried out isothermally, and it is
assumed that the penetrant reaches its equilibrium concen-
tration at the surface instantaneously and maintains it dur-
ing the course of the experiment. It is further assumed that
the penetrant does not react with the polymer and that the
geometry of the polymer sample is such that diffusion and
phase change are effectively one-directional phenomena.

In addition, the analysis is restricted to experiments con-
ducted under conditions where relaxation and rearrangement
of polymer molecules are very fast compared to the rate of
diffusion, so that a linear constitutive equation for the dif-
fusion flux and a diffusion coefficient depending only on
concentration suffice to describe the transport process in
the polymer. Finally, we presume that the total density of
the binary polymer-rich phase is affected negligibly by the
pressure variation which itself should be very small for any
diffusion-generated flow. The mass transport process in
the polymer, and hence the sorption experiment, can be de-
scribed by a relatively complex set of equations when writ-
ten in terms of usual concentration and length variables.
These equations, which are presented elsewhere (12), are
simply the result of combining the species and total con-
tinuity equations with a thermal equation of state and ap-
propriate jump and boundary conditions.

Rather than work with this set of equations in describing
the general sorption problem, we convert the equations of
change to a simpler form by utilizing different length and
concentration variables following a suggestion by Crank
(10). The species continuity equations for the penetrant
and polymer can be written as

0
LR ATILI U (1)
at ax
0
Py dlegup) 2)
Jdt ax
and the thermal equation of state takes the form
p =plpp (3)
We can also write o
prvr = pruy + Jp (4)

Hence, utilization of a new concentration variable

P
gy = ~ (5)
NG

and a new length variable
* (70
Elx, 1) :f Vipy(x, 0 dx (6)
0

in conjunction with Equations (2) and (4) yields the follow-
ing result for Equation (1):

(5, &) @
ot je & Jy

The proper constitutive equation for the mass diffusion
flux relative to the mass average velocity is (13)

(90)1

_oDp 1 (8)
P dx
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and it can easily be shown that
j D
oL __PT % 9)
CL)J (L)J ox

or, in terms of the new concentration and distance variables

-0 50 aQI
i1 ==Dp(Vy? <—ﬁ> (10)
TR \eg),
Substitution of Equation (10) into Equation (7) gives
bl a
(i‘ﬂ> _ o [mqp a—‘g] (1D
at J¢ &
where s Aoz
Flgp =Dp;(V)) (12)

Equation (11) is a nonlinear parabolic partial differential
equation describing the sorption process in the polymer
sheet subject to the following boundary conditions:

d
(ﬂ> 0 (13)
& /e o
q; (&0 =q (14)
ql(f,O) quo (15)
& =VipyoL (16)
X =L an
It can also be easily shown that
$L
0
L
X (o) = 292 (19)
PJE
Mloo = fL(qIE i qlo) (20)

It is evident that the change of variables has eliminated

the moving boundary problem by concentrating this non-

linearity in the partial differential equation itself.
Finally, utilization of the dimensionless variables

* 9190
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in Equations (11), (13) to (15), (18), and (20) gives
J d
dqp 9 [mq,) 94; (24)
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where the asterisks have been dropped for convenience
since no confusion should result in the development that
follows.

SOLUTION OF EQUATIONS

There exists at present no method of obtaining an ana-
lytical solution to Equations (24) to (27) for a general
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diffusivity-concentration functional relationship. Indeed,
we are not aware of any exact solutions of the above non-
linear diffusion equation for finite slabs. There do exist
solutions (10, 14) for specific diffusivity-concentration re-
lationships for semi-infinite media, but these are very spe-
cial and of limited use in analyzing the entire sorption
curve. Hence, any solution of the equations governing the
sorption process will necessarily be of approximate nature.
A convenient method of obtaining approximate analytical
solutions to nonlinear differential equations not readily
handled by perturbation series is the method of weighted
residuals. The weighted residual approach has been used
with success in solving a variety of important problems,
including boundary-layer flows and nonlinear heat and mass
transfer phenomena. Fujita and Kishimoto (5) applied

a weighted residual solution of the nonlinear diffusion
equation for a semi-infinite medium to the analysis of
sorption data, but their approach is much more limited than
the method proposed here.

Good reviews of weighted residual methods have been
given by Ames (I5) and by Finlayson and Scriven (16).
Basically, the method consists of formulating a solution of
the problem which satisfies the partial differential equa-
tion, and perhaps some of the boundary conditions, only in
some average sense over the region of interest rather than
at each and every point of the region as is required of an
exact solution. Thus, to obtain an approximate analytical
solution to the sorption problem, we define a residual

d d
R.0U_9 [F(ql) ﬂ] (29)
at  d¢éL D, 9¢
and demand that
1
f WeRd£E=0, R=1,2, .4, n (30)
0

where the Wg are weighting functions. By choosing an ap-
propriate set of trial functions for g;(£, ), we can obtain an
approximate solution which, in principle, approaches the
exact solution as the number of functions in the expression
for q;(£, 1) becomes large.

In the present work we choose the weighting functions to
be members of the complete set (1, &, &%, «..) so that the
technique used here is what is usually referred to as the
method of moments. From Equations (29) and (30) with
W, =1, it follows that calculation of the zero moment

gives
d/ M F
,(_1_> - o <ajl> 3D
di \MJeo D, \9d&/¢e4

Similarly, from Equations (29) and (30) with Wy, = &, it can
be shown that the first moment equation yields

d 1 r¢ I F(gp
*f f qzdf'dfzf L dg, (32)
dt Jy Jy wipy Do

qp(0,t) = ¢ (8 {33)

Higher moments were not calculated, partly because of the
increased difficulty of the calculations and partly because
the accuracy of a two-term approximate solution proved
adequate.

A two-term trial solution of the form

o (RS N
u:(ﬂ> [AO+A,<@>] (34)
1=y \f, i,

is convenient for use in the present analysis where the
A;(p) are the undetermined functions and where

with

~ &
my =f lg; (&% 0 ~ g(p)de” (35)
0
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N 1
M, zf lg (&, 0 - y(D)d¢ (36)
0

Close examination of Equation (34) reveals that it is capa-
ble of describing the concentration profile in the polymer
phase over the entire time interval of the sorption experi-
ment more accurately than any simple function of & because
the m; variable is representative of the amount of penetrant
in a given part of the polymer sample. The surface bound-
ary condition, Equation (26), is satisfied only if

Ay +A =1 (37)

and the physical requirement that concentrations be posi-
tive or zero everywhere in the polymer sheet places the
following restriction on A,():

A 20 (38)

In addition, Equation (34) satisfies Equation (25) identi-
cally and the initial condition, Equation (27), is satisfied
by the trial solution since it can be shown that

lim <@> -0 (39)
t-0 \ My

Subst itution of Equation (34), the trial solution, into
Equations (28) and (31) and use of the differential form of
Equation (35) produce

M, .  3W;¢InA
it [ - _Ll/j_n"_ (40)
My (1~A400 =y
df M F(A - yn? A
il (‘1>: *(_LA_W_ <1 _J) 41
dt \Mfoo D M 3
and an easy consequence of Equations (28) and (36) is
~ M;
My = —— _ (42)
' My 4
From Equations (40) and (42) an explicit expression for
(1) can be derived for A, > O:
3y in A,
=0 i e >
Y if 1+ 1A < 0
_ — (43)
1-A,+3V0QIn A, 3\/anA0<0
T 1-A,+3In4, 1-4,
where for convenience we let
M\’
a- (-’) (44)
Moo/

When A, = 1, Equation (43) assumes an indeterminate form
which can be reduced to

¢ =0 if 1-3V0R>0

3VQ -1 _ (45)
= if 1-3VQ<0

2

Furthermore, time differentiation of Equation (43) gives the
result
W pdo L da,

_g %% ¢ (46
dt - Ydr T 4 )
where for A, >0
3¢ In A,
E, - d “\/n)l ; 47
2\/5(1-A0)[3———*(2¢_ W n °+2¢-1}
B 1-4,
3y (V-1 -A) + 3y _
g B0 0Va-y J + 3U A,V - ) In 4, s

A1 —AU)Z[

32y - V) In A,
%T+2 ~1
0
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For A, = 1, the indeterminate forms of Equations (47) and
(48) can be expressed as

dependent quantities, €, My, ¢, and A,, if the diffusivity-
concentration relationship and the thermal equation of state
are given and if the initial value of A, is known. From

E - 3y (49) Eaquations (51) and (61) to (63) it is possible to deduce that
NI 4y - 3V A (D) is aroot of the following equation:
~ 3y (VQ - ) (50) 11A4% - 51AY + 6342 - 29A, + 18A2In A, - 642 1In A, + 6
P 23VR -4y D 3(1 - Ap*
1
Substitution of Equation (34) into Equation (32) and utili- :f Flap dgy = [,(A) (66)
zation of Equations (42) and (46) yield the following result s F(
for the first moment equation: )
It is evident that
1
f Fl‘)ql) dg, B, 2 1,(0) = 2 67)
d
A, vy o ! 5D I - 1 (68)
dt E, 1,(3) =0 (69)
where
E =18A§—11A§—9A0+2+6A31nA0 52
) 6(1 - Ap*
6A In A, + 18A2In A, - 1TA} +9A2 + 9A, -1 (53)
t 6(1 - Ap)°
o BB~ DV~ +E (1 -2 Va
5T 2(1 —¢)* VO
12E,E, VO - V) + 6E, E, VQ(Q - ¢
+ - (54)
2(1 = )2 VQ
12E,E, (¢ - V) + 6E,E, (2 - ¢y + 6(\71§E4(1 -} + E (1 - y¢n?
6= 20~y (55)
Also, it can easily be shown that
tim E. -1 (56) and the functional dependence of I,(A,) is depicted in Fig-
Al 04 ure 1. Hence, if F'(q)) is given, the initial value for A, fol-
lim E. -~ L (57) lows immediately from Equation (66), and the direct prob-
s lem can be solved by considering Equations (42), (43),

Ayl 20

Finally, from the above considerations it is possible to
show that the following equations are also valid:

(51), and (65) along with the appropriate initial conditions.
It is apparent that the above weighted residual solution to
the direct problem is not truly analytical, for we have
merely reduced the partial differential equation to two

2 =0 (58) highly nonlinear ordinary differential equations which must
(@) =0 (59) be solved by finite-difference methods. However, the solu-
M0 =0 (60) tion of the inverse problem, that of deriving the concentra-
I N tion dependence of the diffusivity from sorption data, does
dys ~0 6D not suffer the same shortcoming, since, in essence, only
dt /1o B algebraic expressions relate the unknown quantities to the
A(0) measured variables and their derivatives. The analytical
2F (1) [1 - *}
(d_9> L 3. 62 20
dat t=0 D,
dA
< > =0 (63)
dt =0 15
My(e0) = 0 84

It is clear that Equations (42), (43}, (51), and a revised
form of Equation (41)

Ao
2F (1 ~y)? (1 - 3~>

05 r—

ass (65)
dt W
D,(1--"=
vQ o ! ! I i L
[ 05 1.0 .5 20 2.5 30
constitute a set of four equations, two algebraic and two Yo
differential, which can be solved for the four unknown time- Fig. 1. Functional dependence of I (A,).
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solution to the inverse problem and its utilization in the
analysis of sorption data are discussed in the next section.

We conclude this section by considering what the equa-
tions from the weighted residual method predict for long
times. In the long-time limit it is possible to derive from
Equation (65) the expression

[d In (1~ VE)]
dt

m

t o0
3F(1)[In Ay{e)}?[3 = A, ()]
T D,[31In Agle) +1 = Ag(e)][1 = Ay ()]

and from an asymptotic form of Equation (51) it follows that
A, () is a root of the following equation:

5AY-2TAL+ 2TAZ -5,
2(1 —A)*B1In Ay + 1 — A
In Ag(—B6 A% + 36 A3 — 54A% 1 54 A, - 18)
2(1-A*(3 In A+ 1 - A
(In A)?*(9A3 ~ 45 A2 + 63 A, ~ 27)
201 -A)BInA, +1-4)

The only physically meaningful root of Equation (71) can be
shown to be

(70)

(70

A () = 1.24756 (72)

and hence Equation (70} can be rewritten as

[d In(1- \,«'ﬁ)] 2.4975 F (1)
dt D,

The asymptotic behavior of the exact solution of Equa-
tions (24) to (27) is such that the solution predicts

{dln(l—\/ﬁ)} 7 F() 24674 F(1) 74
dt " 4D, D,

Comparison of Equations (73) and (74) provides an estimate
of the accuracy of the weighted residual method in the long-
time limit.

lim (73)

o0

lim

t-»00

APPLICATION OF METHOD

The approximate analytical solution presented in the pre-
vious section is used as the basis for the following method
of obtaining the concentration dependence of the diffusivity
from sorption data:

1. Determine Q and dQ/dt as functions of time from sorp-
tion data.

2. Use the long-time sorption data to evaluate F(1) using
Equation (74).

3. Employing the Q and d{}/dt data along with F (1),
solve the set of algebraic Equations (42), (43), and (65) for
Y, My, and A, as functions of time. At ! = 0, Equation (62)
replaces Equation (65),

4. Use the results of steps 1 to 3 to obtain

1L F(qp
d
I 5

as a function of  from Equation (51), At ¢ =0,

0

L Fg)
f 9 dg; can be calculated from Equation (66).
0

5. Numerically differentiate the integral obtained in step
4 to determine F(qp) as a function of g;.

6. Utilize the thermal equation of state to determine D as
a function of pj.

It is clear from the previous development that the quanti-
ties D, and V3 which appear in the equations employed in
the above method are arbitrary constants which are intro-
duced only to present the equations in dimensionless form.
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Since this method of analysis merely involves the solution
of algebraic equations, it does not require elaborate compu-
tation and can readily be applied to the analysis of both ab-
sorption and desorption data. Experimental errors in sorp-
tion data obtained near the final equilibrium point can
sometimes be significant, but Frensdorff (711) has shown
that with care adequate accuracy can be obtained for data
taken during the long-time portion of the experiment.

To test this proposed method for analyzing sorption data
without the complications associated with experimental
measurements, theoretical Q versus time points were ob-
tained from a numerical solution of Equations (24) to (28)
which describe the sorption process. The application of
implicit finite-difference techniques (15) to these equations
is straightforward and therefore the details are not pre-
sented. Convergence of the finite-difference solutions to
the solutions of the partial differential equation was es-
tablished in the usual manner by varying the mesh sizes for
the distance and time variables. Sets of test data points
were obtained for several cases for which the diffusivity is
an exponential function of the concentration of the pene-
trant. An approximate exponential dependence has been ob-
served for many penetrant-polymer systems (8, 9, 17), and
this highly nonlinear dependence should provide a severe
test of the proposed method of analysis. Comparison of the
diffusivity-concentration relationship calculated from the
test data using the method outlined above with the original
diffusivity function which was used to generate the test
sorption data permits a direct evaluation of this technique.
In essence, we wish to determine the conditions under
which the weighted residual solution to the inverse problem
provides a satisfactory approximation to an exact analysis.

Two examples of the accuracy of the method are pre-
sented in Table 1 where F'(q)) is treated as the diffusivity
to avoid introducing a thermal equation of state. In both
cases the number of numerically generated data points used
was less than the amount that can easily be obtained in a
typical sorption experiment. For case I, the diffusivity in-
creases by a factor of 5 and the proposed method of analy-
sis yields a diffusion coefficient which is correct to about
5% for 85% of the concentration range. Case Il .provides an
example of a diffusion coefficient which decreases by a
factor of 3 over the concentration range studied. For this
case 5% accuracy is achieved for approximately 80% of the
concentration range. In all examples studied, the accuracy
of the derived diffusion coefficients was better for concen-
trations near the equilibrium concentration. In addition, as
would be expected, the accuracy of the method decreases
as the range of diffusivity for the sorption run, and hence
the nonlinearity, increases.

The above examples establish the accuracy to be ex-
pected when dealing with diffusion coefficients which are
exponential functions of concentration. It is known (70)
that the accuracy of a weighted residual method is depen-
dent on the form of the concentration dependence of the dif-
fusion coefficient and, hence, the above results do not
necessarily imply equivalent accuracy for another diffu-
sivity-concentration functional relationship. However, the
exponential relationship provides an example of as severe
a nonlinearity as can be expected under realistic physical
circumstances, and the accuracy for other functional rela-
tionships for the diffusivity (such as a linear concentration
dependence) is very probably better. Thus, the above re-
sults indicate that the present method gives 5% accuracy in
analyzing a general sorption curve for at least 80% of the
concentration range for diffusion coefficients increasing by
a factor of 5 and decreasing by a factor of 3. These ranges
could conceivably be increased by using a better trial
function.

The proposed method makes it possible to analyze a sin-
gle sorption curve for the determination of the concentration
dependence of the diffusion coefficient over at least 80% of
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TasLE 1. RESULTS OF ANALYSIS OF TEST DATA
Case I. F(g)) =D, exp (1.61 g,)

% Error in

Calculated calculated

9, Fq)/Dy F(g)/D, F(q,)/D,
0 1.000 0.699 30.1
0.05 1.084 0.867 20.0
0.10 1.175 1.036 11.8
0.15 1.273 1.204 5.4
0.21 1.392 1.390 0.1
0.24 1.466 1.498 2.2
0.30 1.620 1.707 5.4
0.41 1.948 2.044 4.9
0.52 2.293 2.303 0.4
0.60 2.640 2.617 0.8
0.71 3.135 3.092 1.3
0.80 3.637 3.579 1.6
0.90 4,262 4.183 1.9
0.95 4.553 4,465 1.9

Case II, Flg) =D, exp(~1.10¢,)

N o OXP 4 % Error in

Calculated calculated

q; Fq,)/D, Fq)/D, Flq)/D,
0 1.000 1.347 34.7
0.06 0.940 1.204 28.1
0.10 0.895 1.048 17.1
0.15 0.851 0.920 8.1
0.20 0.802 0.845 5.2
0.25 0.760 0.791 4.1
0.30 0.716 0.739 3.2
0.40 0.645 0.658 1.9
0.50 0.576 0.579 0.6
0.60 0.516 0.515 0.2
0.70 0.463 0.459 0.7
0.80 0.413 0.409 1.1
0.90 0.371 0.367 1.2
0.95 0.351 0.356 1.4

the concentration interval. The method handles both revert-
ing and progressing experiments, the entire sorption curve
can be used, no diffusion coefficient-concentration relation-
ship is assumed, and volume change on mixing and phase
volume change are taken care of automatically. However,
there are basically two shortcomings of the proposed tech-
nique. First of all, the method requires the utilization of
numerical differentiation in the data analysis. This limita-
tion is relatively minor since many data points are readily
available for the differentiation steps, unlike previous
methods where a significant amount of labor must be ex-
pended to generate a sufficient number of points for accu-
rate numerical differentiation. In addition, in order to ob-
tain accurate results for some penetrant-polymer systems

it may be necessary to perform a series of experiments to
cover a large concentration range. However, this require-
ment is not too restrictive if one considers that the analy-
sis of four absorption runs in series could accurately es-
tablish the concentration dependence of a diffusion
coefficient which varies by a factor of 625. Hence, even
for large changes in the diffusivity, a relatively few experi-
ments are required to obtain accurate results.

It is evident from Table 1 that accurate results cannot
be obtained for the entire concentration range from the anal-
ysis of one sorption curve. However, by the analysis of
consecutive absorption and desorption experiments, accu-
rate values of F(gy) and thus D can be determined for the
complete concentration range since the absorption data will
give accurate values of D at the high values of p; and the
desorption data will yield accurate results at the low val-
ues of py.

A wide variety of trial solutions could, of course, be
used to implement the scheme proposed above. One possi-
bility would be the solution proposed by Fujita and reported
by Crank (70). The trial solution selected here was chosen
from examination of the shapes and features of calculated
concentration-distance curves for a variety of diffusivity-
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concentration relationships; this was done to incorporate as
much accuracy into the trial solution as possible. This
trial solution has the unique feature that a single expres-
sion uniformly accurate for all stages of the sorption pro-
cess is used instead of the usual two expressions. In ad-
dition, the uniqueness problem inherent in some weighted
residual solutions, such as that of Fujita. is avoided here.

NOTATION

A, A, = time-dependent coefficients in trial function
D = binary diffusion coefficient
D, = arbitrary reference diffusion coefficient
E, to E, = quantities defined by Equations (47) to (50) and
(52) to (57)
F(q)) = quantity defined by Equation (12)
I, = integral defined by Equation (66)

jj = mass diffusion flux of component I relative to
mass average velocity

ch> = mass diffusion flux of component I relative to ve-
locity of component J

L = initial thickness of binary phase

Mr = total amount of component I which has entered
binary phase at time ¢

MIe = total amount of component I which has entered

_ binary phase at infinite time
M = variable defined by Equation (36)
m] = variable defined by Equation (35)
q; = concentration variable defined by Equation (5)
g1 = value of g at surface of finite phase
g0 = initial value of ¢;
_t=time
\/j) arbitrary reference partial specific volume of
component oJ
v = velocity of component |
X = instantaneous thickness of binary phase
x = distance variable in direction of diffusion

Greek Letters

¢ = length variable defined by Equation (6)
&1, = quantity defined by Equation (16)
p = total density of binary phase
p = mass density of component |
pig = equilibrium mass density of component [
pio = initial mass density of component [
u - quantity defined by Equation (33)
Q = quantity defined by Equation (44)
w] = mass fraction of component |
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